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Electroelastic Analysis of Piezoelectric Composite Laminates
by Boundary Integral Equations

Giuseppe Davı̀∗ and Alberto Milazzo†

Università di Palermo, 90128 Palermo, Italy

A boundary integral representation for the electroelastic state in piezoelectric composite laminates subjected to
axial extension, bending, torsion, shear/bending, and electric loadings is proposed. The governing equations are
presented in terms of electromechanical generalized variables by the use of a suitable matrix notation. Thus, the
three-dimensional electroelasticity solution for piezoelectric composite laminates is generated from a set of two
partially coupled differential equations defined on the cross section of each individual ply within the laminate.
These ply equations are linked through the interface conditions, which allow restoration of the model of the
laminate as a whole. For this model, the corresponding boundary integral representation and the relative boundary
integral equations are deduced, and their features are discussed. The formulation presented lays out the analytical
foundation for the development of the multidomain boundary element method to determine numerically the
electromechanical response of piezoelectric composite laminates. Numerical results showing the characteristics of
the method are given, and the fundamental behavior of piezoelectric composite laminates is pointed out for both
mechanical and electrical loads.

I. Introduction

P IEZOELECTRIC materials generate an electric field when sub-
jected to strain fields and undergo deformation when an electric

field is applied. This inherent electromechanical coupling, known
as direct and converse piezoelectric effects, is widely exploited in
the design of many devices working as transducers, sensors, and
actuators. In addition, piezoelectric materials are of primary con-
cern in the field of advanced lightweight structures, where the smart
structure technology is now emerging.1−4

When piezoelectric members are bonded or merged within a
structure, it is possible to combine the mechanical properties of
the host structure with the additional capabilities to sense defor-
mation and to adapt the structural response accordingly. The first
attempt at the application of smart structures with sensing and con-
trol capabilities was concerned with the application of piezoelectric
patches on the surfaces of beams and plates to induce strain actions
on the passive structure or detect its deformation. The develop-
ment of this approach, together with the improvement of composite
material technology, led to the concept of distributed sensing and
control, which can be accomplished by the introduction of piezo-
electric layers within composite laminates. More recently, the idea
of distributed structural control properties has been fully developed
by the use of active fiber composites.5 In these fiber-reinforced com-
posites, the fiber and the matrix have additional functions besides
their typical roles. The fiber, which generally exhibits a piezoelec-
tric behavior, not only accomplishes the task of structural reinforce-
ment, but it also has the function of both sensor and actuator. In
this kind of smart structure, an active control of the mechanical re-
sponse is performed on the basis of the intrinsic properties of the
structure material. Some of the fundamental problems involved in
the mechanical testing, analysis, and design, namely, failure modes
and strength and stiffness degradation under static and cyclic fa-
tigue loads, are not tractable without a thorough knowledge of the
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three-dimensional state of stress and deformation and of the elec-
tric influence on these quantities, especially in the boundary-layer
regions. Again, the identification of effective sensing and actuating
capacities of piezoelectric composite laminates and, consequently,
the design of efficient control laws, are strictly related to the deter-
mination of the electromechanical state.

The preceding considerations make it imperative to establish
complete and accurate solutions for piezoelectric laminates loaded
by both mechanical and electric loads. Many theories and mod-
els have been proposed for the analysis of laminated composites
with active and passive piezoelectric patches or layers. Some of
these theories are based on simplifying assumptions to model the
induced strain or electric field generated by piezoelectric layers (as
in Refs. 6–8). Exact solutions for the problem have been given by au-
thors who employed the separate-variable method for piezoelectric
laminates both in cases of cylindrical bending9 and simply sup-
ported laminates,10,11 the Eshelby–Stroh formalism for laminates in
cylindrical bending12 and the transfer matrix approach for simply
supported laminates.13,14 Closed-form analytical solutions are also
available for one-dimensional beams.15 These solutions show the
crucial role played by an accurate appraisal of the electromechanical
response and the need for careful numerical simulations for com-
plex configurations. Some finite element solutions for piezoelectric
solids were proposed,16−18 and the finite element method was suc-
cessfully applied to general piezoelectric problems, as shown by
the extensive literature on the subject.19 In particular, finite ele-
ments for laminated composites with piezoelectric layers have been
developed based on coupled layerwise theories.20−26 Notwithstand-
ing, many of the available finite element formulations for beams
and plates do not account for the full electromechanical coupling,
evidencing a lack in the capability to analyze specific topics. More
recently, the boundary element method (BEM) has been used to
solve both two-dimensional27−30 and three-dimensional31,32 piezo-
electric problems. It was proved accurate and very efficient, particu-
larly when the investigation concerns two-dimensional piezoelastic
bodies for which the fundamental solutions are known in closed
form.27−30

In the present paper, a boundary integral model for the analysis
of piezoelectric composite laminates is presented. The formulation
is based on an approach previously proposed by the authors for the
analysis of classical composite laminates33−37 that proved to be an
interesting and effective tool for composite laminate structural anal-
ysis and that was partially extended to piezoelectric laminates in pre-
vious works.38−40 In the approach, piezoelectric laminates subjected
to axial, bending, torsion, shear/bending, and electric loadings are
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dealt with by the introduction of the electromechanical generalized
variables. This leads to the generation of a system of two partially
coupled partial differential equations that govern the electromechan-
ical response of each ply within the laminate in terms of generalized
displacement functions defined on the ply cross section. The corre-
sponding boundary integral equations are obtained starting from the
reciprocity theorem and by the use of the analytic fundamental so-
lutions of two-dimensional piezoelasticity. Then the piezoelectric
laminate model is recovered by the imposition of the appropriate
interface continuity and boundary conditions. This gives the basis
for the development of the numerical solution by the multidomain
BEM, whose implementation is discussed. Finally, the convergence
characteristics, accuracy, aptitude, and effectiveness of the approach
are ascertained with the aim to address the fundamental topics of the
formulation and the basic characteristics of piezoelectric laminate
behavior from both mechanical and electric points of view.

II. Governing Equations for Piezoelectric Laminates
Let us consider a beam-type piezoelectric composite laminate

referred to the coordinate system x1x2x3 with the x3 ≡ z axis par-
allel to the generators of the lateral surface, as shown in Fig. 1.
The laminate consists of N piezoelectric anisotropic prismatic plies
with a general layup. Each individual ply has a cross section �〈k〉
with boundary ∂�〈k〉, where the subscript 〈k〉 denotes quantities
related to the kth ply. The plies are perfectly bonded along the in-
terfaces ∂�mn where the notation indicates the interface between
the mth and nth plies. The laminate is subjected to load actions
applied at its ends, resulting in axial extension, bending, twisting,
and shear/bending. It is also subjected to electrical loads in the form
of electric potential applied at its free surfaces and/or interfaces.
According to Barnett and Lothe,41 the piezoelectric problem can
be described by the introduction of suitable electroelastic quan-
tities, namely, the electromechanical generalized variables. These
are the generalized displacements S = [s1 s2 s3 ϕ]T whose compo-
nents are the displacements si and the electric potential ϕ; the gen-
eralized strains Γ= [γ11 γ22 γ33 γ32 γ31 γ21 −E1 −E2 −E3]T

defined by collection of the strains γi j and the opposite
of the electric field components Ei ; the generalized stresses
� = [σ11 σ22 σ33 σ32 σ31 σ21 D1 D2 D3]T obtained by collec-
tion of the stresses σi j and the electric displacements Di ; the gener-
alized body forces F = [ f1 f2 f3 −q]T having components given
by the body forces fi and the opposite of the electric charge density
q; and the generalized tractions T and/or Ψ given by the mechanical
tractions and the normal component of the electric displacement.

By virtue of Saint Venant’s principle, sufficiently far from the
laminate ends, the generalized displacement field S can be expressed
as42,43

S = U + zV + [
zX1 + 1

2 z2(X2 − X3) − 1
6 z3X4

]
k (1)

where the rigid motion terms have been dropped and
U = [u1 u2 u3 ϕ0]T and V = [v1 v2 v3 ϕ l ]T are vectors of gen-
eralized displacement functions depending on x1 and x2 only. The

Fig. 1 Typical laminate configuration and reference system.

matrices Xi are defined as

X1 =






0 0 0 −x2 0 0

0 0 0 x1 0 0

1 x1 x2 0 0 0

0 0 0 0 0 0




 (2)

X2 =






0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 x1 x2

0 0 0 0 0 0




 (3)

X3 =






0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




 (4)

X4 =






0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0




 (5)

In Eq. (1), k = [ε0 κ1 κ2 ϑ γ1 γ2]T is the mechanical loading
vector whose components are the laminate axial extension, the two
bending curvatures, the twisting, and the two bending curvatures for
unit length associated with the shear/bending behavior. The deriva-
tion of the governing equations41,44 for the electromechanical be-
havior of each single ply within the laminate is based on the idea of
splitting the generalized equilibrium operator D, so that the varia-
tions along the span are manifest. One has

D = Dx + Dz = Dx + Iz
∂

∂z
=











∂

∂x1
0 0 0

0
∂

∂x2
0 0

0 0 0 0

0 0
∂

∂x2
0

0 0
∂

∂x1
0

∂

∂x2

∂

∂x1
0 0

0 0 0
∂

∂x1

0 0 0
∂

∂x2

0 0 0 0











+








0 0 0 0

0 0 0 0

0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1








∂

∂z
(6)

so that the generalized strains are given by

Γ = Dx U + IzV + IzX1k + z(Dx V + IzX2k) = ΓU + zΓV (7)

Introducing the ply generalized stiffness matrix R〈k〉 (Ref. 45)
from the constitutive equations, one obtains the generalized stresses
of the kth ply, which are given by

� = R〈k〉Dx U + R〈k〉IzV + R〈k〉IzX1k

+ z
(
R〈k〉Dx V + R〈k〉IzX2k

) = �U + z�V (8)
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Then the generalized equilibrium equations of the kth ply can be
written in terms of generalized displacement functions as

DT � = DT
x R〈k〉Dx U + (

DT
x R〈k〉Iz + IT

z R〈k〉Dx

)
V + DT

x R〈k〉IzX1k

+ IT
z R〈k〉IzX2k + z

(
DT

x R〈k〉Dx V + DT
x R〈k〉IzX2k

) = 0 (9)

The generalized tractions on the kth ply lateral surface are given by

T = DT
xnR〈k〉Dx U + DT

xnR〈k〉IzV + DT
xnR〈k〉IzX1k

+ z
(
DT

xnR〈k〉Dx V + DT
xnR〈k〉IzX2k

) = TU + zTV (10)

where Dxn is the generalized boundary traction operator obtained
from the differential operator D by replacement of the derivatives
with the corresponding direction cosines of the outer normal to the
boundary of the ply cross section. Likewise, the generalized tractions
on the cross section of the kth ply are given by

Ψ = IT
z R〈k〉Dx U + IT

z R〈k〉IzV + IT
z R〈k〉IzX1k

+ z
(
IT

z R〈k〉Dx V + IT
z R〈k〉IzX2k

) = ΨU + zΨV (11)

Note that Iz is the generalized cross section traction operator ob-
tained from D by replacement of the derivatives with the corre-
sponding direction cosines of the outer normal to the ply cross sec-
tion. Equation (9) is verified to fulfill the following expressions
simultaneously:

DT
x R〈k〉Dx V + DT

x R〈k〉IzX2k = 0 (12)

DT
x R〈k〉Dx U + (

DT
x R〈k〉Iz + IT

z R〈k〉Dx

)
V

+DT
x R〈k〉IzX1k + IT

z R〈k〉IzX2k = 0 (13)

These equations constitute a partially coupled system of partial
differential equations defined on the ply cross section. The preceding
set of equations, together with the boundary conditions expressed
in terms of V and TV for Eq. (12) and U and TU for Eq. (13), gov-
erns the electromechanical behavior of each individual ply within
the laminate. The model for the piezoelectric laminate as a whole
is obtained when the individual ply governing equations are linked
through the interface generalized continuity conditions along the
interfaces. If the interface ∂�mn is only a bonding surface, these
conditions state that, along the interface, the generalized displace-
ment functions U and V of the mth and nth ply have to be equal,
whereas the corresponding generalized traction functions TV and
TU have to be opposite. On the other hand, if the interface ∂�mn

is an electroded interface, then the electric potential on this surface
is a known function and the normal component of the electric dis-
placement does not need to be continuous across the interface. Thus,
the interface conditions on ∂�mn are given in terms of prescribed
electric potential functions ϕ0 and ϕl , equality of the displacement
functions ui and vi of the mth and nth ply, and equilibrium of the
corresponding mechanical traction functions along the interface.12

Finally, the laminate response is defined by the relationship between
the loading vector k and the corresponding mechanical load vec-
tor P = [N M1 M2 Mt V1 V2]T , whose components are the axial
force, bending and twisting moments, and shear forces. These are
given by the laminate cross section equilibrium conditions, which,
at a given span station z̄, read as

N∑

1

∫

�〈k〉
(X1 + X4)

T IT
z R〈k〉(Dx U + IzV + z̄Dx V) d�

+
[

N∑

1

∫

�〈k〉
(X1 + X4)

T IT
z R〈k〉Iz(X1 + z̄X2) d�

]

k = P (14)

III. Reciprocity Statement for Piezoelectric Ply
Let S j be a particular system of generalized displacements asso-

ciated with a system of generalized body forces denoted by F j , so
that

DT RDS j + F j = 0 (15)

Let Γ j , � j , and T j and Ψ j be the generalized strain, stress, and
traction fields due to S j , respectively. When the generalized vari-
ables notation and the symmetry of the generalized stiffness matrix
are resorted to, the following reciprocity theorem for piezoelasticity
is written29,45

∫

∂V

(
TT

j S − ST
j T

)
d∂V +

∫

V

(
FT

j S − ST
j F

)
dV = 0 (16)

where V is the volume occupied by the piezoelectric body and ∂V
is the corresponding boundary. To apply the reciprocity theorem to
the generic ply within the laminate, consider an elementary slice
of this prismatic ply included between two cross sections with an
infinitesimal distance dz. The elementary slice occupies the volume
V ≡ �〈k〉 · dz, which is bounded by the two cross sections �〈k〉 and
by the lateral surface ∂V ≡ ∂�〈k〉 · dz. Equation (16) is then written
as follows:∫

∂�〈k〉

(
TT

j S − ST
j T

)
d∂� dz

+
∫

�〈k〉

[(
ΨT

j S − ST
j Ψ

) + ∂

∂z

(
ΨT

j S − ST
j Ψ

)
dz

]
d�

−
∫

�〈k〉

(
ΨT

j S − ST
j Ψ

)
d� +

∫

�〈k〉

(
FT

j S − ST
j F

)
d� dz = 0

(17)
and, when dz approaches zero, one obtains∫

∂�〈k〉

(
TT

j S − ST
j T

)
d∂� +

∫

�〈k〉

∂

∂z

(
ΨT

j S − ST
j Ψ

)
d�

+
∫

�〈k〉

(
FT

j S − ST
j F

)
d� = 0 (18)

Equation (18) is the expression of the piezoelectricity generalized
reciprocity theorem inherent to the laminate analysis problem. It
is the starting point from which to derive the boundary integral
representation of the generalized displacements field.

IV. Generalized Displacements Boundary
Integral Representation

Let us assume that the generalized displacements S j are associ-
ated with a system of generalized body forces constant along the
z axis, namely, F j = F j (x1, x2). This particular solution S j is in-
dependent on the z coordinate. According to Eq. (1), one then has
S j = U j (x1, x2). Applying the reciprocity theorem for piezoelectric
beam-type structures, that is, Eq. (18), to the particular solution in-
troduced earlier and the actual elastic response of the ply within the
laminate, one obtains∫

∂�〈k〉

(
TT

j S − UT
j T

)
d∂� +

∫

�〈k〉
FT

j S d�

+
∫

�〈k〉

∂

∂z

(
ΨT

j S − UT
j Ψ

)
d� = 0 (19)

On substitution for S, T, and Ψ from Eqs. (1), (10), and (11),
respectively, Eq. (19) leads to a third-order polynomial expression
in the z coordinate. By using the divergence theorem, one notes
that, to verify this polynomial expression for every choice of z, the
following set of equations has to be fulfilled simultaneously:∫

∂�〈k〉

(
TT

j V − UT
j TV

)
d∂� +

∫

�〈k〉
FT

j V d�

+
∫

�〈k〉
ΨT

j X2k d� = 0 (20)

∫

∂�〈k〉

(
TT

j U − UT
j TU

)
d∂� +

∫

�〈k〉
FT

j U d�

+
∫

�〈k〉

(
ΨT

j V − UT
j ΨV

)
d� +

∫

�〈k〉
ΨT

j X1k d� = 0 (21)
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Hence, the piezoelasticity reciprocity theorem for the ply within the
laminate reduces to the two integral relations (20) and (21), which
are the basis from which to derive directly the integral representation
employed in the method proposed. Actually, assume the generalized
body forces F j to be given by a line force load applied along a
line parallel to the longitudinal axis z and a bulk charge density
concentrated along the same line. By indication with P0 and P the
generalized load application point and the generic field point in the
ply cross section, the representation of F j is given by

F j = C jδ(P − P0) (22)

where δ denotes the Dirac function and C j is the representa-
tive vector of the generalized load. The generalized displacements
field U j = U j (P, P0) and the corresponding generalized tractions
T j = T j (P, P0) associated with this generalized load are the ker-
nels of the singular fundamental solution of the problem. This
fundamental solution is the electroelastic generalized plain strain
(γ33 = D3 = 0) response of the infinite two-dimensional piezoelec-
tric domain loaded by concentrated generalized body forces ap-
plied at the point P0. Its explicit, closed-form expression is given
in Ref. 45. On application of Dirac function properties and of the
divergence theorem, Eqs. (20) and (21) become

CT
j V(P0) =

∫

∂�〈k〉

(
UT

j TV − TT
j V

)
d∂� −

∫

�〈k〉
(Dx U j )

T RIzX2k d�

(23)

CT
j U(P0) =

∫

∂�〈k〉

(
UT

j TU − TT
j U

)
d∂�

+
∫

�〈k〉
UT

j

(
DT

x RIz + IT
z RDx

)
V d� −

∫

∂�〈k〉
UT

j DT
xnRIzV d�

−
∫

�〈k〉
(Dx U j )

T RIzX1k d� +
∫

�〈k〉
UT

j IT
z RIzX2k d� (24)

Equations (23) and (24) are the form of the beam-type structure
Somigliana identity in piezoelasticity, which consists of a set of
two partially coupled integral relations. They provide a direct link
between the generalized displacements functions V and U at the
field point P0 and the characteristics of the piezoelastic response
on the boundary of the ply cross section, namely, the generalized
displacements and the generalized tractions. By virtue of the par-
tially coupled nature of these integral relations, the generalized dis-
placement function V is expressed through Eq. (23) in terms of its
boundary values and the corresponding generalized traction function
TV . Once the generalized displacement function V is determined,
Eq. (24) identifies the generalized displacement function U in terms
of the relative boundary values and generalized traction function TU .
All of the domain integrals appearing in Eqs. (23) and (24) actually
involve known functions or quantities expressible in terms of bound-
ary characteristics. Therefore, Eqs. (23) and (24) give a boundary
integral representation of the generalized displacement field of the
ply within the laminate. In addition, some of these domain integrals
can be transformed into boundary integrals according to the particu-
lar solution technique.35,36 To obtain this goal, consider a particular
generalized displacement field S̄ that satisfies the ply governing
field equations through suitable generalized displacement functions
Ū and V̄, for example, second-order polynomials of x1 and x2 (see
Appendix). Writing the generalized displacements boundary inte-
gral representation for S̄ and combining it with Eqs. (23) and (24),
one attains the following alternative form of the beam-type structure
Somigliana identity for piezoelasticity:

CT
j V(P0) =

∫

∂�〈k〉

(
UT

j TV − TT
j V

)
d∂�

+
∫

∂�〈k〉

(
TT

j V̄ − UT
j T̄V

)
d∂� + CT

j V̄(P0) (25)

CT
j U(P0) =

∫

∂�〈k〉

(
UT

j TU − TT
j U

)
d∂�

+
∫

�〈k〉
UT

j

(
DT

x RIz + IT
z RDx

)
(V − V̄) d�

−
∫

∂�〈k〉
UT

j DT
xnRIz(V − V̄) d�

+
∫

∂�〈k〉

(
TT

j Ū − UT
j T̄U

)
d∂� + CT

j Ū(P0) (26)

where T̄V and T̄U are the generalized boundary tractions correspond-
ing to V̄ and Ū, respectively.

V. Boundary Integral Equations
Writing the boundary integral representation given by Eqs. (25)

and (26) for four independent fundamental solutions, related to four
independent electromechanical load conditions, one obtains the ma-
trix form of the Somigliana identity for piezoelectric beam-type
structures giving the three displacement components and electric
potential at P0. One has

C∗V(P0) =
∫

∂�〈k〉

(
U∗TV − T∗V

)
d∂�

+
∫

∂�〈k〉

(
T∗V̄ − U∗T̄V

)
d∂� + C∗V̄(P0) (27)

C∗U(P0) =
∫

∂�〈k〉

(
U∗TU − T∗U

)
d∂�

+
∫

�〈k〉
U∗(DT

x RIz + IT
z RDx

)
(V − V̄) d�

−
∫

∂�〈k〉
U∗DT

xnRIz(V − V̄) d�

+
∫

∂�〈k〉

(
T∗Ū − U∗T̄U

)
d∂� + C∗Ū(P0) (28)

In the preceding relations, one has to set U∗ = [Ui j ]T and
T∗ = [Ti j ]T , where Ui j and Ti j indicate the i th component of gener-
alized displacements and tractions of the j th fundamental solution,
respectively. A useful expression for the matrix of the coefficients
C∗ is accomplished by specialization of Eqs. (27) and (28) for a
constant generalized displacement field. By so doing, Eq. (27) is
identically satisfied, whereas from Eq. (28) one obtains

C∗ = −
∫

∂�〈k〉
T∗ d∂� (29)

Equations (27) and (28) are valid for each internal point P0

and then, setting P0 on the boundary, through a suitable limit
procedure,46 they provide a system of integral equations whose
solution with appropriate boundary conditions gives the general-
ized displacements and tractions on the boundary of the considered
ply. Note that, for a ply within the laminate, some of the bound-
ary conditions are supplied by the interface continuity conditions.
Moreover, because of the behavior of the employed fundamental
solution, when P0 lies on the ply boundary, some kernels involved
in the integral representation become singular, and then the relative
integrals have to be considered in the sense of a Cauchy princi-
pal value.46 The piezoelectric composite laminate model is attained
by coupling the boundary integral equations of each ply by means
of the interface continuity relations, namely, generalized displace-
ments continuity and generalized tractions equilibrium. Because of
the structure of the Somigliana identity for piezoelectric plies, this
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laminate model consists of two partially coupled sets of integral
equations. The solution of the first set of integral equations directly
provides the part of the piezoelastic response linearly varying along
the laminate span. Once this part is determined, it can be substituted
in the second set whose solution provides the along span constant
part of the piezoelastic response. The analysis of Eqs. (27) and (28)
shows that the proposed model reduces to a pure boundary model
for piezoelectric composite laminates subjected to axial, bending,
and twisting loadings, whereas for shear/bending loadings it entails
domain integrals involving the field representation of V in terms
of its boundary characteristics. This makes the present formulation
more appealing for the implementation of discrete models for the
analysis of piezoelectric laminates problems.

VI. Generalized Stresses Boundary
Integral Representation

The generalized displacement boundary integral representation
given by Eqs. (27) and (28) allows one to deduce the boundary inte-
gral representation for the stress field. By differentiation of Eqs. (27)
and (28) with respect to P0, and with the constitutive equations taken
into account,46 the generalized stresses of the kth ply are

�V (P0) =
∫

∂�〈k〉

{
�∗[V − V̄ + V̄(P0)] − Θ∗[TV − T̄V ]

}
d∂�

+ R〈k〉IzX2(P0)k (30)

�U (P0) =
∫

∂�〈k〉

{
�∗[U − Ū + Ū(P0)] − Θ∗[TU − T̄U ]

}
d∂�

−
∫

�〈k〉
Θ∗[DT

x RIz + IT
z RDx

]
(V − V̄) d�

+
∫

∂�〈k〉
Θ∗DT

xnRIz(V − V̄) d� + R〈k〉Iz[V(P0) + X1(P0)k]

(31)

The kernels Θ∗ and �∗ are obtained by application of the operator
RDx C∗ − 1 to U∗ and T∗, respectively. Once the boundary generalized
displacements and tractions are determined, the boundary integral
representations given by Eqs. (27), (28), (30) and (31) allow one to
obtain the electromechanical response at any internal point of the
laminate in a pointwise fashion.

VII. Numerical Model
The solution of the model of the piezoelectric laminate can be

numerically achieved by the multidomain BEM. Following the clas-
sical boundary element approach,46 the boundary ∂�〈k〉 of each ply
is discretized into n boundary elements denoted by ∂�

q
〈k〉 (Fig. 2).

Over each of these elements, the generalized displacement functions
and tractions are expressed as

V = L(ξ)Vq
〈k〉 (32)

TV = L(ξ)Tq
V 〈k〉 (33)

U = L(ξ)Uq
〈k〉 (34)

TU = L(ξ)Tq
U 〈k〉 (35)

where the vectors indicated by the notation Xq
〈k〉 collect the val-

ues of the quantity X at the nodes of the boundary element ∂�
q
〈k〉.

In the preceding relationships, L(ξ) is the shape function matrix
whose elements are one-dimensional interpolation functions defined
with respect to the local nondimensional coordinate ξ = ξ(P), with
0 ≤ ξ ≤ 1 (Fig. 2). Additionally, the ply domain �〈k〉 is divided into
m internal cells of domain �r

〈k〉, over which the following approxi-
mation of the displacement function V is assumed:

V = F(ξ1, ξ2)Ṽr
〈k〉 (36)

Fig. 2 Boundary element discretization and reference systems.

In Eq. (36), the vector Ṽr
〈k〉 collects the values of V at the nodes of

the cell �r
〈k〉, and F(ξ1, ξ2) is the shape function matrix whose el-

ements are two-dimensional interpolation functions defined with
respect to the local coordinates ξα = ξα(P), where α = 1, 2 and
0 ≤ ξα ≤ 1 (Fig. 2). No limitations are imposed on the order of the
interpolation functions for the generalized displacement functions
and tractions. Anyway, to preserve the model consistency, the two-
dimensional shape functions for the approximation of the displace-
ment functions V in the inner region should be suitably chosen to
ensure the interelement continuity in the domain and between the
boundary and the domain. With these assumptions, the discretized
form of Eq. (27) for any point Pi of the kth ply is obtained by substi-
tution of the expressions (32) and (33). This results in the following
relation:

C∗
i i V(Pi ) +

n∑

q = 1

Ĥiq Vq
〈k〉 +

n∑

q = 1

Giq Tq
V 〈k〉 =

n∑

q = 1

Biq (37)

In the preceding equation, the influence coefficients and the right-
hand side are defined by

Ĥiq =
∫ 1

0

T∗(P(ξ), Pi )L(ξ)J q(ξ) dξ (38)

Giq = −
∫ 1

0

U∗(P(ξ), Pi )L(ξ)J q(ξ) dξ (39)

Biq =
∫ 1

0

{
T∗(P(ξ), Pi )[V̄(P(ξ)) − V̄(Pi )]

− U∗(P(ξ), Pi )T̄V (P(ξ))
}

J q(ξ) dξ (40)

where J q is the Jacobian of the transformation from the global coor-
dinates x j , j = 1, 2, to the local reference system ξ of the boundary
element ∂�

q
〈k〉. The coefficients C∗

i i are obtained from the discretized
form of the Eq. (29):

C∗
i i = −

n∑

q = 1

∫ 1

0

T∗(P(ξ), Pi )J q(ξ) dξ (41)

By taking the field point Pi to all of the boundary nodes and ab-
sorbing the C∗

i i matrix with the corresponding block of Ĥi i (Ref. 46),
one obtains a linear algebraic system that can be compactly written
as

H〈k〉∆V 〈k〉 + G〈k〉PV 〈k〉 = B〈k〉 (42)
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where H〈k〉 and G〈k〉 are the square influence matrices constructed
block by block from the relationships (38), (39), and (41). B〈k〉 is
the right-hand side assembled by the use of Eq. (40), ∆V 〈k〉 is the
vector containing the nodal values of V, and PV 〈k〉 is the vector of
the nodal values of TV for the kth ply. Analogously, by the use of
Eqs. (34–36), the discretized version of Eq. (28) becomes

C∗
i i U(Pi ) +

n∑

q = 1

Ĥiq Uq
〈k〉 +

n∑

q = 1

Giq Tq
U 〈k〉 =

q∑

j = 1

Qiq Vq
〈k〉

+
m∑

r = 1

Wir Ṽr
〈k〉 +

n∑

q = 1

Yiq +
m∑

r = 1

Kir (43)

The coefficients involved in the preceding equation are defined
as follows:

Qiq = −
∫ 1

0

U∗(P(ξ), Pi )DT
xnRIzL(ξ)J q(ξ) dξ (44)

Wir =
∫ 1

0

∫ 1

0

U∗(P(ξ1, ξ2), Pi )
[
DT

ξ RIz + IT
z RDξ

]

×F(ξ1, ξ2)J r (ξ1, ξ2) dξ1 dξ2 (45)

Yiq =
∫ 1

0

{
T∗(P(ξ), Pi )[Ū(P(ξ)) − Ū(P0)]

− U∗(P(ξ), Pi )
[
T̄U (P(ξ)) − DT

xnRIzV̄(P(ξ))
]}

J q(ξ) dξ (46)

Kir = −
∫ 1

0

∫ 1

0

U∗(P(ξ1, ξ2), Pi )
[
DT

ξ RIz + IT
z RDξ

]

× V̄(P(ξ1, ξ2), Pi )J r (ξ1, ξ2) dξ1 dξ2 (47)

where the operator Dξ is obtained by expression of the elements
of the operator Dx in terms of the local coordinate system. More-
over, the notation J r (ξ1, ξ2) indicates the Jacobian of the transfor-
mation from the global coordinate x j , j = 1, 2, to the local system
ξ j , j = 1, 2, of the internal cell �r

〈k〉. Collocating Eq. (43) at the
boundary nodes, one obtains the following linear algebraic system:

H〈k〉∆U 〈k〉 +G〈k〉PU 〈k〉 = Q〈k〉∆V 〈k〉 +W〈k〉δV 〈k〉 +Y〈k〉 +K〈k〉 (48)

where ∆U 〈k〉 and PU 〈k〉 are the vectors containing the nodal values
of U and TU of the kth ply, respectively. The matrices appearing
on the right-hand side of Eq. (48) are constructed on the basis of
Eqs. (44–47) by the standard assembling procedure.46 The vector
δV 〈k〉 collects all of the values of V at the cell nodal points of the kth
ply. It can be calculated with the generalized displacement boundary
integral representation, then, by collocation of Eq. (37) at the cell
nodal points, one has

δV 〈k〉 = G̃〈k〉PV 〈k〉 + H̃〈k〉∆V 〈k〉 + B̃〈k〉 (49)

with the obvious meaning of the symbols. By the use of Eq. (49), the
system given by Eq. (48) is rewritten in terms of boundary variables
as

H〈k〉∆U 〈k〉 + G〈k〉PU 〈k〉 = (
Q〈k〉 + W〈k〉H̃〈k〉

)
∆V 〈k〉 + W〈k〉G̃〈k〉PV 〈k〉

+ W〈k〉B̃〈k〉 + Y〈k〉 + K〈k〉 (50)

The resolving system for the whole laminate follows when
Eqs. (42) and (50), written for all of the plies of the laminate, are
coupled, through the interface continuity conditions, and then by
enforcement of the external boundary conditions, for example, the
condition of zero boundary tractions on the laminate external sur-
faces. For a bonding interface ∂�mn between the mth and the nth
ply, the discrete form of the continuity conditions can be written as

Cmn∆J 〈m〉 = Cnm∆J 〈n〉 for J = V, U (51)

CmnPJ 〈m〉 = −CnmPJ 〈n〉 for J = V, U (52)

where the matrices Cmn are suitably constructed to select the nodal
values of the mth ply boundary, which belong to the interface ∂�mn .
With the same notation, the boundary condition for the external
surfaces of the mth ply can be written as

CD
mmV〈m〉 + CP

mmPV 〈m〉 = q̄V (53)

CD
mmU〈m〉 + CP

mmPU 〈m〉 = q̄U (54)

where overbarred vectors denote prescribed quantities, and the ma-
trices CD

mm and CP
mm are suitably constructed to select the nodal

generalized displacements and tractions at nodes belonging to the
external surface of the ply, respectively. Bear in mind that N is the
number of plies; the boundary discretized model of the piezoelectric
composite laminate is, therefore, given by Eqs. (42) and (50), written
for k = 1, 2, . . . , N ; Eqs. (51) and (52), written for m = 1, 2, . . . , N
and n = m + 1, m + 2, . . . , N ; and, finally, by Eqs. (53) and (54)
written for k = 1, 2, . . . , N . Thus, all of the equilibrium equations,
interface continuity conditions, and boundary conditions are satis-
fied, and the numerical solution obtained is, therefore, consistent.
As just pointed out, the laminate model consists of a set of par-
tially coupled equations. Its solution can, therefore, be achieved as
described in the following:

1) The system given by Eq. (42), written for k = 1, 2, . . . , N ;
Eqs. (51) and (52), written for J = V , m = 1, 2, . . . , N , and
n = m + 1, m + 2, . . . , N ; and Eq. (53), written for k = 1, 2, . . . , N ,
is solved for ∆V and PV .

2) On substitution of ∆V , the system given by Eq. (50), writ-
ten for k = 1, 2, . . . , N ; Eqs. (51) and (52), written for J = U ,
m = 1, 2, . . . , N , and n = m + 1, m + 2, . . . , N ; and Eq. (54), writ-
ten for k = 1, 2, . . . , N , is solved for ∆U and PU .

Moreover, if the laminate has a classical configuration and
presents only one interface between contiguous plies, very efficient
solution schemes can be employed for the model solution as de-
scribed in Ref. 37. Note that when the laminate is subjected to axial
extension, bending, and torsion, the generalized displacement func-
tion V and the associated generalized tractions TV are zero, and the
ply governing equations reduce to

H〈k〉∆U 〈k〉 + G〈k〉PU 〈k〉 = Y〈k〉 (55)

The laminate response can, therefore, be obtained by direct so-
lution of the system given by Eq. (55), written for k = 1, 2, . . . , N ;
Eqs. (51) and (52), written for J = U , m = 1, 2, . . . , N , and
n = m + 1, m + 2, . . . , N ; and Eq. (53), written for k = 1, 2, . . . , N .
The quantities characterizing the piezoelastic response at laminate
internal points, namely, generalized displacements and stresses, are
computed by the use of the discretized form of the corresponding
boundary integral representation. These expressions can be deduced
following the method proposed for the discretization of the bound-
ary integral equations,46 and they are not rewritten here for the sake
of conciseness.

VIII. Numerical Results and Discussion
To investigate the performances of the proposed approach and

point out its features, a computer code has been developed to calcu-
late piezoelectric laminate electromechanical response. The com-
puter code allows consideration of general layups and section ge-
ometries, and it was implemented with the following major at-
tributes. Straight elements are employed for the cross section bound-
ary discretization, and linear interpolation of the unknown data is
assumed over each boundary element. For the internal cells, isopara-
metric four-node elements are used. The influence coefficients are
numerically computed by the use of standard Gaussian quadrature,
coupled with an adaptive integration scheme that allows the kernel
singularities to be taken into account.47 In particular, eight-point,
one-dimensional Gaussian quadrature has been used to perform
integrations over the boundary elements, whereas 16-point, two-
dimensional Gaussian quadrature has been employed for the domain
integration over the cells. The interface continuity conditions are
enforced, detecting automatically the boundaries common to con-
tiguous plies by means of an interface identification algorithm.45 To
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a)

b)

Fig. 3 Laminate discretization scheme.

Fig. 4 Convergence curves for the generalized displacements of the [45/−−45 deg]S PVDF laminate under axial extension.

ascertain the capabilities of the method, a convergence study has
been performed to assess the characteristics for a correct bound-
ary element modeling of the laminate cross section. This study was
carried out for a typical four-ply [45/−45 deg]s symmetric laminate
subjected to axial extension; each ply of the considered laminate
has thickness h and width 16h and material properties correspond-
ing to those of polyvinylidene fluoride (PVDF), which are given in
Ref. 48. The discretization scheme employed is shown in Fig. 3a,
where the mesh parameter n1 is defined. The convergence curves
for the generalized displacements and tractions at the locations de-
noted by capital letters in Fig. 3b are shown in Figs. 4 and 5 for
different mesh refinements obtained by variation of n1. The gener-
alized displacements show a linear convergence for all of the points

considered. As regards the generalized interlaminar stresses, note
that they show linear convergence for points sufficiently far from
the free edge, whereas at the free edge no convergence value seems
to be reached. The singular behavior at the free edge is able to ex-
plain the deviation from linear convergence in the stresses near the
free edge when these quantities are computed by the use of standard
boundary elements with linear interpolation functions. However, as
regards the accuracy of the solution in the region closely contiguous
to the free edge, previous analysis of singular stress fields by numer-
ical methods have shown the ability of the finite element method49

and boundary element method34 to capture successfully the steep
gradients occurring in the structural response under these condi-
tions. The convergence considerations pointed out for the case of
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Fig. 5 Convergence curves for the generalized tractions of the [45/−−45 deg]S PVDF laminate under axial extension.

Fig. 6 Through-thickness distribution of the generalized interlaminar
stresses σ23 and D2 of the [45/−−45 deg]S PVDF laminate under axial
extension.

axial extension can be replicated for the other loading conditions be-
cause the mathematical structure of the resolving system maintains
the same characteristics for the different loading conditions.

To asses the accuracy of the computed solution, the results ob-
tained for n1 = 8 have been compared with those recently obtained
by an ad hoc approach, which is based on the use of generalized stress
functions that provide a resolving system whose solution is obtained
by an eigenfunction expansion method coupled with a boundary
collocation technique.50−52 A comparison of the through-thickness

Fig. 7 Top interface x2 = h distribution of the interlaminar stress σ21
for the [45/−−45 deg]S PVDF laminate under mechanical load conditions.

Fig. 8 Top interface x2 = h distribution of the interlaminar stress σ22
for the [45/−−45 deg]S PVDF laminate under mechanical load conditions.

distributions of the interlaminar generalized stresses σ23 and D2 is
shown in Fig. 6. The agreement between the two solutions is good,
proving that the present approach can accurately describe the elec-
tromechanical response of piezoelectric laminates. In addition, these
results prove the effectiveness of the boundary integral approach,
which is able to give accurate results of the free edge boundary layer
with rather coarse meshes. Once the properties of the method have
been ascertained, the basic characteristics of the electromechanical
response in piezoelectric composite laminates can be analyzed. To
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point out the features of the laminate behavior, many angle-ply lam-
inates with different stacking sequences and width-to-thickness ra-
tios have been analyzed. In the following, only some results are pre-
sented to illustrate the piezoelastic response of laminates subjected
to both mechanical and electrical loadings. In particular, represen-
tative results are given for the [45/−45 deg]S angle-ply laminate
just described. The solutions obtained are presented and discussed
in terms of interlaminar generalized stress distributions, which are
a crucial topic for a comprehensive knowledge of the mechanisms
and phenomena involved in piezoelectric laminate behavior.

Fig. 9 Top interface x2 = h distribution of the interlaminar stress σ23
for the [45/−−45 deg]S PVDF laminate under mechanical load conditions.

Fig. 10 Top interface x2 = h distribution of the interlaminar electric
displacement D2 for the [45/−−45 deg]S PVDF laminate under mechan-
ical load conditions.

Fig. 11 Top interface x2 = h distribution of the generalized interlaminar stresses for the [45/−−45 deg]S PVDF laminate under electrical load.

Figures 7–10 show the interlaminar generalized stresses along
the top interface x2 = h of the laminate subjected to mechanical
loading. The analysis of these results, which are illustrative for the
whole class of investigated laminates under mechanical loading,
shows, as expected, an important edge effect for both mechani-
cal and electric quantities. The distributions of generalized stresses
and deformation are inherently three-dimensional. They cannot be
determined accurately by extensions of the classical lamination the-
ory, nor by approximate methods, which do not explicitly take the
boundary-layer effect into account. The performed analyses show
that the generalized stress distortion near the free edge decays with
the distance from the edge, and the results for angle-ply laminates
with plies having width-to-thickness ratios varying from 4 to 32
indicate that the region of disturbance is practically restricted to a
width equal to the laminate thickness. This conclusion, previously
found for classical composite laminates,51 can, therefore, be ex-
tended to piezoelectric composite laminates. The interlaminar gen-
eralized stress distributions confirm the presence of a stress singular-
ity like that found in classical composite laminates.50 In addition, a
free edge, singularity can be presumed for the electric displacement
field, which can lead to reach a polarization saturation limit or trou-
ble the electromechanical coupling characteristics. These phenom-
ena should assume a great importance in the development of damage
theories and control approaches for piezoelectric composite lami-
nates. They can be quantitatively assessed by the present method,
which is able to characterize the free edge singularity in terms of
its power and strength, as shown earlier for classical composite
laminates.34

Figure 11 shows the interlaminar generalized stress patterns
for the laminate subjected to an electric load given by the elec-
tric potential �0 applied on the upper surface of the laminate,
and the electric potential −�0 applied on the lower surface of
the laminate. Zero mechanical load P is applied at the lam-
inate ends. With this load, the piezoelectric laminate experi-
ences an axial deformation ε0/�0 = 3.57 × 10−4 [1/GV], a bend-
ing curvature κ2/�0 = −2.76 × 10−4 [1/m · GV], and a twisting
ϑ/�0 = −1.12 × 10−5 [1/m · GV], which are the fundamental pa-
rameters used to exert shape control of the laminate by means of
its electromechanical coupling. Moreover the electromechanical re-
sponse for this electric loading practically shares the same basic
characteristics with the piezoelectric response of laminates mechan-
ically loaded. In particular, the electric load generates a boundary
layer in the stress field that should be used to control damage phe-
nomena induced in the free edge regions by other kind of loads.
These considerations can be also extended to other forms of the
electric load, which are able to exert more complex deformation
on the structure. In summary, the performed analyses suggest the
possibility of the design of an effective control on the structural
behavior of piezoelectric laminates by means of their inherent elec-
tromechanical coupling.
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IX. Conclusions
A boundary integral representation of the solution of piezoelectric

composite laminates subjected to axial extension, bending, twist-
ing, shear/bending, and electric loadings has been presented. The
approach is based on the electromechanical generalized variables,
and it provides the model describing the behavior of each ply within
the laminate in terms of two partially coupled integral identities
for the generalized displacements. The model of the laminate as
a whole is obtained from the plies integral equations accounting
for the electromechanical interface continuity conditions. The ap-
proach proposed has some appealing features that are summarized
as follows:

The formulation has been developed with full electromechani-
cal coupling taken into account, and then it encompasses the re-
lated influences on the laminate structural and electrical behavior.
The boundary integral representation for generalized displace-
ments and stresses allows the determination of the laminate re-
sponse in a pointwise fashion, preserving the inherent descrip-
tion of the electromechanical state. These model properties allow
the use of the present formulation to investigate the character-
istic features of piezoelectric composite behavior, addressing ac-
curately boundary-layer and local phenomena. Moreover, the for-
mulation is very well suited for the numerical implementation by
the multidomain BEM with the related computational advantages.
Numerical results have been presented and discussed. In conclu-
sion, the solutions analyzed can be considered capable to model
effectively the piezoelastic behavior, and they have shown the ba-
sic characteristics of piezoelectric composite laminate structural
behavior.

Appendix: Particular Solution
A particular field solution S̄ of the ply governing equations is

sought in the form of second-order polynomials. One writes

V̄ = Λa (A1)

Ū = Λb (A2)

where a and b are (24 × 1) vectors containing the polynomial coef-
ficients and Λ is defined as

Λ = Λ1x2
1 + Λ2x2

2 + Λ3x1x2 + Λ4x1 + Λ5x2 + Λ6 (A3)

The Λk are (4 × 24) matrices whose elements Λki j are given by

Λki j = 1 for i = 1, 2, 3, 4, j = 6(i − 1) + k

Λki j = 0 otherwise (A4)

With this choice of the particular solution, the compatibility con-
ditions are identically satisfied, and then the coefficients a and b are
obtained from the equilibrium equations. Setting

D = Ix1

∂

∂x1
+ Ix2

∂

∂x2
+ Ix3

∂

∂x3
= Ix1

∂

∂x1
+ Ix2

∂

∂x2
+ Iz

∂

∂z

(A5)

Ãi j = IT
xi

RIx j (A6)

Ai j = Ãi j + ÃT
i j (A7)

from Eqs. (12) and (13), one has
[

1

2
A11Λ1 + A12Λ3 + 1

2
A22Λ2

]
a +

[
Ã13

∂X2

∂x1
+ Ã23

∂X2

∂x2

]
k = 0

(A8)

x1

[
(2A13Λ1 + A23Λ3)a + 1

2
A33

∂X2

∂x1
k

]

+ x2

[
(A13Λ3 + 2A23Λ2)a + 1

2
A33

∂X2

∂x2
k

]

+
(

1

2
A11Λ1 + A12Λ3 + 1

2
A22Λ2

)
b + (A13Λ4 + A23Λ5)a

+
(

Ã13
∂X1

∂x1
+ Ã23

∂X1

∂x2

)
k = 0 (A9)

By the equation of coefficients in the polynomial identity (A9),
the preceding equations can be rewritten as





1

2
A11Λ1 + A12Λ3 + 1

2
A22Λ2 0

2A13Λ1 + A23Λ3 0

A13Λ3 + 2A23Λ2 0

A13Λ4 + A23Λ5
1

2
A11Λ1 + A12Λ3 + 1

2
A22Λ2






×
[

a

b

]
= −






(
Ã13

∂X2

∂x1
+ Ã23

∂X2

∂x2

)
k

1

2
A33

∂X2

∂x1
k

1

2
A33

∂X2

∂x2
k

(
Ã13

∂X1

∂x1
+ Ã23

∂X1

∂x2

)
k






(A10)

Then, by denotation by K and Q the matrix and the right-hand side
of the system of algebraic equation (A10), respectively, a particular
solution is determined by applying the least-square technique, and
one has

[
a

b

]
= (KT K)−1KT Q (A11)
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